We consider the question of when the L-polynomial of one curve divides the L-polynomial of another curve. A theorem of Tate gives an answer in terms of jacobians. We consider the question in terms of the curves. The last author gave an invited talk at the 12th International Conference on Finite Fields and Their Applications on this topic, and stated two conjectures. In this article we prove one of those conjectures.
Introduction
Let p be a prime and q = p f where f is a positive integer and let F q denote the finite field of order q. Let X be a smooth projective variety over F q , of dimension d. Let X = X(F q ) be the corresponding variety over the algebraic closure of F q and let F : X → X be the Frobenius morphism. The zeta function Z X (t) of X is defined by
where N m is the cardinality of the set X(F q m ): the points of X with values in F q m . Via the Weil conjectures (proved by Weil, Dwork, Grothendieck and others), one knows that Z X (t) is a rational function and may be written in the form Z X (t) = P 1 (t) · · · P 2d−1 (t) P 0 (t) · · · P 2d (t) ,
where each of the P i (t) = det(1 − F * t; H i (X, Q ℓ )) are polynomials with coefficients in Z , where H i (X, Q ℓ ) is the ith ℓ-adic cohomology (ℓ = p) of X with coefficients in Q ℓ and F * is the map on cohomology induced by F . 1 email gary.mcguire@ucd.ie. This paper appeared in the proceedings of Fq12, the 12th International Conference on Finite Fields and their Applications, 2015.
In the case that X = C is a curve then the zeta function of C has the form
, and the numerator L C (t) = P 1 (t) is called the L-polynomial of C.
We wish to consider the question of divisibility of L-polynomials. In previous papers [2] , [3] , we have studied conditions under which the L-polynomial of one curve divides the L-polynomial of another curve. In this article we discuss two divisibility conjectures for specific families of curves, and prove one of them.
Two Families of Curves
A hyperelliptic curve X of genus g > 1 over F q is the projective non-singular model of the affine curve
The C k Family
For a positive integer k, define the curve C k over F 2 to be the projective non-singular model of the curve with affine equation
The genus of C k is 2 k−1 , the affine model of C 1 is smooth everywhere, and the affine model of C k for k > 1 has one singular point at ∞.
The first six L-polynomials over F 2 , computed and factored into irreducible factors over Z using MAGMA [4] are 
The E k Family
For a positive integer k, define the curve E k over F 2 to be the projective non-singular model of the curve with affine model
The genus of E k is 2 k−1 + 1 and similar to above, the affine model of E 1 is smooth everywhere, and the affine model of E k for k > 1 has one singular point at ∞.
In an invited talk at the Fq12 conference, the last author spoke about this topic and stated these two conjectures. Conjecture 2 is proposed and discussed in Ahmadi et al. [3] . In this paper we will prove Conjecture 1.
Other Approaches
Here we discuss three possible approaches to proving the conjectures. The first two do not seem to work for Conjecture 1, but the third method does work as we will show in this paper. None of these methods appear to work for proving Conjecture 2.
Number of Rational Points
The following theorem was proved in [2] .
Theorem 1 (Ahmadi-McGuire). Let C(F q ) and D(F q ) be smooth projective curves such that 1. C(F q ) and D(F q ) have the same number of points over infinitely many extensions of F q .
2. The L-polynomial of C over F q k has no repeated roots, for all k ≥ 1.
Then there exists a positive integer s such that the
The first hypothesis holds for the curves C k , but the second hypothesis does not. Thus we cannot use Theorem 1 to prove Conjecture 1. To see that the first hypothesis holds, we use the following theorem proved by Lahtonen-McGuire-Ward [11] .
Theorem 2. Let K = F 2 n where n is a non-negative odd integer. Let
Then if gcd(k ± j, n) = 1, then the number of zeros of Q in K is
where ( 2 n ) is the Jacobi symbol.
If we put j = 0 in Theorem 2 then Q(x) = Tr(x 2 k +1 + x). It follows that C 1 and C k have the same number of rational points over F 2 m for any m with gcd(k, m) = 1. Therefore the first hypothesis of Theorem 1 holds.
The C k curves are supersingular so the L-polynomial of C 1 (which is 2t 2 + 2t + 1) has repeated roots over some extensions of F 2 , something that can also be seen directly. Therefore the second hypothesis of Theorem 1 does not hold.
We remark that the second hypothesis of Theorem 1 does hold for the E k curves, see [3] . However, we are unable to prove that the first hypothesis holds, although it is conjectured that it does.
A similar but different theorem was proved in [3] .
Theorem 3 (Ahmadi-McGuire-Rojas-León). Let C and D be two smooth projective curves over F q .
Assume there exists a positive integer k > 1 such that 1. #C(F q m ) = #D(F q m ) for every m that is not divisible by k, and 2. the k-th powers of the roots of L C (t) are all distinct.
We cannot use Theorem 3 to prove Conjecture 1, because the first hypothesis does not hold. It is not true that C 1 and C k have the same number of rational points over F 2 m for any m not divisible by k (or another integer). This can be seen by looking at small examples using a computer algebra package.
It is interesting to compare the first hypothesis in Theorem 3 with the first hypothesis in Theorem 1 (which does hold for C 1 and C k ).
The Kani-Rosen theorem
Let X be an affine variety over a field k with coordinate ring A. Given an action of an algebraic group G on X, one may construct a so-called quotient variety X/G given by Spec(A G ) where A G denotes the ring of invariants of A with the induced action of G. If furthermore, G is reductive then A G is finitely generated so X/G is also an affine variety (A G will be reduced if A is).
Let G be a finite subgroup of the automorphism group of a curve C and let Jac(C) denote the Jacobian of C. The Kani-Rosen theorem [9, thm. B] concerns isogenies and idempotents in the rational group algebra Q[G] and is useful is proving divisibility relations between L-polynomials.
where the subgroups
Then there is an isogeny relation
where g = |G| and h i = |H i |.
For any subgroup H of G there is an idempotent
If G is the Klein 4-group with subgroups H 1 , H 2 , H 3 , we have the idempotent relation
Applying the Kani-Rosen theorem we get an isogeny
In order to apply this isogeny to C k , we need two involutions in the automorphism group of C k . We want involutions that are defined over F 2 . One is the hyperelliptic involution
and the other is the map from [6] φ : (x, y) → (x + 1, y + B(x))
Note that φ is an involution if and only if B(1) = 0 if and only if k is even. When k is odd, φ has order 4 and φ 2 = ι. When k is even, φ and ι together generate a Klein 4-group in Aut(C k ). In fact we have the following.
Proposition 1.
If k is odd then there are no non-hyperelliptic involutions on C k of the form (x, y)
Proof. Such a B(x) must satisfy B(1) = 0 and B(x) 2 + B(x) = x 2 k + x. The resulting conditions thus imposed on the coefficients a i mean that
Remark: It follows now from van der Geer and van der Vlugt [6] that this exhausts the subgroup of Aut F 2 (C k ) fixing the branch points of C k → P 1 .
Therefore, the first problem in using the Kani-Rosen theorem to prove Conjecture 1 is that we only have the appropriate automorphism group for k even. It therefore appears that for k odd, one cannot use the Kani-Rosen theorem to prove the conjecture, at least not directly.
Kleiman-Serre
The following theorem is well-known in the area. 
Proof. (Sketch) Given a surjective morphism f : C → C ′ one obtains an induced map f * on theétale cohomology groups that is injective (Kleiman [10, prop. 1.2.4] ). Given the interpretation of the polynomials P i (t) described in the introduction (equation 1) as determinants via the Weil conjectures, the result follows.
We will use this result in the next section to prove Conjecture 1.
Proof of Conjecture 1
We prove Conjecture 1 using Theorem 5. In fact we will prove something more general: that there is a map from C k to C l for any integer l dividing k. Putting l = 1 proves Conjecture 1.
Before we construct the morphism we consider a simpler case as motivation. Let A k denote the smooth projective model of the affine curve defined over F 2
One can easily verify that the map
is a morphism A nk → A k for n, k positive integers and n > 1.
The similarity between the curves C k and A k is apparent, however the morphism above differs quite radically from the one to be described below.
Theorem 6. Let k > l be integers with l dividing k. Then there is a non-constant morphism
Proof. Write k = lr and set q = 2 l . We claim that there is a morphism of the form x → f (x), y → y + g(x) from C k to C l where f and g are polynomials. For this to be the case it suffices that
Let us take Subtracting these gives (2).
